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Abstract 

We provide an intrinsic definition of the fundamental group of a 
linear category over a ring as the automorphism group of the fibre 
functor on Galois coverings. If the universal covering exists, we prove 
that this group is isomorphic to the Galois group of the universal cov- 
ering. The grading deduced from a Galois covering enables us to 
describe the canonical monomorphism from its automorphism group 
to the first Hochschild-Mitchell cohomology vector space. 
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1 Introduction 

The purpose of this work is to provide a positive answer to the question of the 
existence of an intrinsic and canonical fundamental group tti associated to a k- 
category B, where fc is a commutative ring. The fundamental group we introduce 
takes into account the linear structure of the category B, it differs from the funda- 
mental group of the underlying category obtained as the classifying space of its 
nerve (i23. ,22..24|). 

The fundamental group that we define is intrinsic in the sense that it does not 
depend on the presentation of the fc-category by generators and relations. In case 
a universal covering exists, we obtain that the fundamental groups constructed 
by R. Martinez-Villa and J. A. de la Pefia (see (H], and (HllSlll]) depending on 
a presentation of the category by a quiver and relations are in fact quotients of 
the intrinsic tti that we introduce. Note that those groups can vary according to 
different presentations of the same fc-category (see for instance (1] [5] QT]) while 
the group that we introduce is intrinsic, since we define it as the automorphisms of 
the fibre functor of the Galois coverings over a fixed object. 

In fact if a universal covering U -.U B exists, the fundamental group that we 
define is isomorphic to the automorphism group AutfJ, and in this case changing 
the base object provides isomorphic intrinsic fundamental groups. 
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(Argentina) and the third author is a Regular Associate of ICTP Associate Scheme. 
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The methods we use are inspired in the topological case considered for in- 
stance in R. Douady and A. Douady's book (§]. They are closely related to the 
way in which the fundamental group is considered in algebraic geometry after A. 
Grothendieck and C. Chevalley. 

In algebraic topology a space has a universal cover if it is connected, lo- 
cally path-connected and semi-locally simply connected. In other words, usually a 
space has a universal cover. By contrast, linear categories do not have in general 
universal coverings. 

Our work is very much indebted to the pioneer work of P. Le Meur in his thesis 
PSl , see also (T6]. He has shown that under some hypotheses on the category, 
there exists an optimal fundamental group in the sense that all other "fundamental 
groups" deduced from different presentations are quotients of the optimal one. His 
method consists mainly in tracing all the possible presentations of a given category, 
and relating the diverse resulting "fundamental groups". As already quoted, we 
adopt a different point of view in this paper. 

In Section |2]we recall the definition of a covering of a fc-category and we prove 
properties about morphisms between coverings as initiated in [16, 18J. In Section 
|5]we define Galois coverings and next we study some properties of this kind of 
coverings. The main results are Theorem 13.71 which describes the structure of 
Galois coverings and Theorem 13.91 which concerns morphisms between Galois 
coverings and the relation between the associated groups of automorphisms. We 
provide the definition of the universal covering in the category of Galois coverings 
of a fixed fc-category B. In a forthcoming paper we will study the behaviour of 
Galois coverings through fibre products, as well as a criterion for a covering to 
be Galois or universal. Differences with the usual algebraic topology setting will 
also appear, since the fibre product of coverings of fc-categories does not provide 
in general a covering through the projection functor. In Section |4] we define the 
intrinsic fundamental group Tri{B,bQ) and we prove some properties of this new 
object. If the universal covering exists, we prove that this group is isomorphic to 
the Galois group of the universal covering. Moreover, in this case the fibre functor 
induces an equivalence between the category of Galois coverings of B and the 
subcategory of ni{B, 5o)-Sets whose objects are sets with a transitive action of the 
group TTi{B, bo) such that the isotropy group of an element is invariant. 

In the last section we suppose that fc is a field and that the endomorphism 
algebra of each object of the fc-category is reduced to fc. We recover in a simple 
way the canonical fc-linear embedding (see [H HH [7]) of the abelian characters 
of the automorphism group of a Galois covering to the first Hochschild-Mitchell 
cohomology vector space of the category. As an immediate consequence, if there 
exists a Galois covering whose group is isomorphic to the fundamental group, the 
abelian characters of the fundamental group embed into the cohomology of degree 
one. For this, we use our description of Galois coverings as well as the canonical 
grading of the fc-category deduced from a Galois covering, as obtained in [6]. In 
this way Euler derivations are considered, see also PPTO). 

Note that it will be interesting to explore the behaviour of the intrinsic fun- 
damental group with respect at least to Morita equivalences of fc-categories. As 
expected the fundamental group is an invariant of the equivalence class of a fc- 
category but not of its Morita class. Of course in case the category admits a 
unique basic representative in its Morita class, the fundamental group attached to 
this category can be considered as the canonical fundamental group of the Morita 
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equivalence class. 
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2 ^-categories, stars and coverings 

Let fc be a commutative ring. A k-category is a small category B such that each 
morphism set yB^ from an object x e Bq \o an object y e So is a fc-module, the 
composition of morphisms is /j-bilinear and fc-multiples of the identity at each ob- 
ject are central in the endomorphism ring of the object. Note that such fc-categories 
are also called linear categories over k. In particular each endomorphism set of 
an object is a /c-algebra, and yB^ is a yBy - ^jS^r-bimodule. 

Each fc-algebra A provides a single object fc-category Ba with endomorphism 
ring A. The structure of A can be described more precisely by choosing a finite 
set E of orthogonal idempotents of A, such that J2eeA e = l in the following way: 
the fc-category Ba,e has set of objects E and morphisms from e to / the fc-module 
fAe. Note that Ba.{i} = Ba- This approach is meaningful since clearly the cat- 
egory of left A-modules is isomorphic to the category of fc-functors from Ba,e to 
the category of fc--modules, where a fc-functor is a functor which is fc-linear when 
restricted to morphisms. 

Definition 2.1. The star Stb^B of a k-category B at an object bo is tite direct sum of all 
the morphisms with source or target bo : 

St5,S = yB,, ® boBy . 

\yeBo J \y£Bo J 

Note that this k-module counts twice the endomorphism algebra at bo- 

Definition 2.2. Let C and B be k-categories. A k-functor F : C ^ B is a covering ofB 
if it is surjective on objects and if F induces k-isomorphisms between the corresponding 
stars. More precisely, for each bo e Bq and each x in the non-empty fibre F^^(bo), the 
map 

FS^^ : St^C ^ SU,B. 
induced by F is a k-isomorphism. 

Remark 2.3. Each star is the direct sum of the source star Sxj^^B = 0^^^^^ yBh^ und the 
target star St^S = ©j^ggg boBy Since St^ and St~^ are preserved under any k-functor, 
the condition of the definition is equivalent to the requirement that the corresponding target 
and source stars are isomorphic through F. 

Moreover this splitting goes further -.for bi G Bq, the restriction of F to ©ygp-i(hj) yCx, 
for all X € F~^{bo) is k-isomorphic to the corresponding k-module Bbg ■ The same holds 
with respect to the target star and morphisms starting at all objects in a single fibre. 
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Remark 2.4. The previous facts show that Definition \2.2\ coincides with the one given by 
K. Bongartz and P. Gabriel in lUf. 

To each small category A one may associate its linearization kA in the follow- 
ing way: objects of kA are the objects of A, while morphisms are free fc-modules 
on the sets of morphisms of A. Such linearized /c-categories admit by construction 
a multiplicative basis of morphisms, which is not usually the case, see for instance 
(3]. Hence a fc-category is not in general the linearization of a small category. 
Note that any usual covering F : C ^ B categories provides by linearization a 
covering kF : kC ^ kB. 

Example 2.5. ifl6y Consider the following k-categories C and K obtained by linearization 
of the categories given by the corresponding diagrams (tC is called the Kronecker category): 




C: to ti 




a 

K : s 

/3 



and the three following coverings Fq, Fi and F2 : C — > /C given by 

F,{so) = F,{si) = s, F,(io) = F,(ti) =t, F,if3o)=F,if3i)^ (3, for I ^0,1,2 
while 

• Fo(ao) = Fo(ai) = a 

• Fi{ao) = Fi{ai) = a + 13 

• F2{ao) ^ a + [3, F2{ai) = a 

Note that Fq is the linearization of a covering of small categories, and Fi is Fq followed by 
an automorphism ofK. We will observe that Fq and Fi are in fact Galois coverings, while 
F2 is not. 

Definition 2.6. A morphismfrom a covering F : C ^ B to a covering G : V ^ B is a 
pair of k-linear functors {H, J) where H : C ^ V and J : B ^ B is an isomorphism, 
such that GH ~ JF. The category of coverings ofB is denoted Cov{B). 

Our next purpose is to show that the automorphism group of a connected 
covering acts freely on each fibre. 

Definition 2.7. A k-category B is connected if any two objects b and c ofB can be linked 
by a finite walk made ofnon zero morphisms, more precisely there exist a finite sequence of 
objects xi, . . . , x„ and non zero morphisms tpi, . . . ,tpn such that xi ~ b, x„ = c, where 
ip, belongs either to x.+iB^, or to x,Bxi+i. 
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Proposition 2.8. Let F : C — > Bbea covering of k-categories. IfC is connected, then B 
is connected. 

Proof. Let b and c be objects in Bo, and let xo and yo be two objects respectively 
chosen in their fibres. Consider a walk of non zero morphisms connecting xq and 
yo in C. Since F induces fc-isomorphisms at each star, the image by F of a non 
zero morphism is a non zero morphism in B. □ 

Proposition 2.9. il26lf Let F : C — > B and G : V — > B be coverings of k-linear 
categories. Assume C is connected. Two morphisms {Hi, J), {H2, J) from F to G such 
that Hi and H2 coincide on some object are equal. 

Proof. Let [H, J) be a morphism of coverings, let xq be an object of C and consider 
the map between stars induced by H: 

Observe that GH{xo) = JF{xq). There is a commutative diagram 

) 

StxgC ^ StH{xa)'D 

StF(Ko)^ ^^JF{xo)^ 

where the morphisms Fp"^^y Jjlrfxa)) *^G(H(ln)) ^''^ /s-isomorphisms. Con- 
sequently H is an isomorphism at each star level, determined by F, J and G. 
In case Hi and H2 are morphisms verifying Hi{xd) = H2{xo), the fc-linear maps 
StxoC — > StHi(xo)2? = StH2{xo)'^ induced by Hi and H2 are equal, hence Hi and 
H2 coincide on morphisms starting or ending at xa, in particular Hi and H2 co- 
incide on objects related to xq by a non-zero morphism. Since C is connected, it 
follows that Hi and H2 coincide on every object and on every morphism of C. □ 

Corollary 2.10. Let F : C ^ B be a connected covering of a k-linear category B. The 
group Auti(i^) = {{H, 1) : F F \ H an isomorphism ofC} acts freely on each fibre. 

3 Galois and universal coverings 

We start this section with the definition of a Galois covering in order to study prop- 
erties of this kind of coverings. The main results are the description of the structure 
of Galois coverings, and the relation between Galois coverings and the group of 
automorphisms. Finally we consider universal objects in the category of Galois 
coverings of a fixed fc-category B. 

Definition 3.1. A covering F : C — > B of k-categories is a Galois covering if C 
is connected and if AutiF acts transitively on some fibre. We denote Gal(i3) the full 
subcategory ofCo\i{B) whose objects are the Galois coverings ofB. 
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It is natural to expect that Autii^ should act transitively on each fibre whenever 
it acts transitively on a particular one. In order to prove this fact, we shall use a 
construction introduced in [12] |4], see also [TJ. 

Definition 3.2. Let G be a group acting by k-isomorphisms on a k-category C, such that 
the action on the objects is free, meaning that if sx = xfor some object, then s = 1. The 
set of objects of the categorical quotient C/G is the set of G-orbits ofCo. The k-module of 
morphisms from an orbit a to an orbit (3 is 



where for a kG-module X we denote X/G the k-module of coinvariants Xj (kcre)X, which 
is the quotient of X by the augmentation ideal, where e : kG k is given by e(s) = 1/or 



Remark 3.3. The previous definition provides a k-category: the composition is well de- 
fined precisely because the action ofG on the objects is free. 

Proposition 3.4. Let G be a group acting by k-isomorphisms on a connected k-category 
C, and assume that the action on the objects is free. Then the projection functor P : C — > 
C/G is a Galois covering with Auti (P) = G. 

Proof. The projection functor is a covering since it is surjective on objects. For 
each choice of an object xo e a and e /3 we clearly have ^-isomorphisms 



which can be assembled in order to provide the required isomorphism of stars. 
Observe that the fibres of P are the orbits sets by construction, therefore the action 
of AutiP = G is transitive on each fibre. 

Consider now {H, 1) e AutiP and let xq e Cq. Since the action of G on 
Co is free, there exists a unique s e G such that sxq = H{xo). By definition, the 
element s provides an isomorphism of C which verifies Ps = P. The isomorphisms 
(s, 1), {H, 1) of the connected covering P coincide on an object, consequently they 
are equal as isomorphisms of P by Proposition 12.91 □ 

Lemma 3.5. Let F : C — > B be a connected covering of k-categories and suppose there 
exists a singleton fibre. Then every fibre is a singleton and F is an isomorphism of k- 
categories. 

Proof. Let e So be an object such that = {x}. Since C is connected it is 

enough to show that for a non zero morphism in C with target or source x, the other 
extreme object y is such that F^^{F{y)) ^ {y}. We denote c = F{y). Assume ip e 
yCx is non-zero and let y' e F~^{c), then ip e St^C and F{ip) e StbB. Moreover, 
F{(p) belongs to StcB. Since F induces an isomorphism F^' : Sty>C — > StcB, 
there is a unique fc-linear combination J2z v'^^ °f morphisms from the fibre of b to 
y' such that py' (J2z y''^^) = ^i"^)- Now the fibre of b is reduced to x, which means 
that there is a non-zero morphism ^ e y'Cx such that Fi' = Fip. Note that also 




all sgG. 



,{C/G)^ and 0,„C,-.,(C/G), 



a. 
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belongs to St^C, and recall that F§' is an isomorphism between the corresponding 
stars. Hence ^ i' and in particular their ending objects are the same, namely 
y = y' . Finally since all the fibres are singletons, the star property of a covering 
implies immediately that F is an isomorphism. □ 

We are now able to prove the following result. 

Proposition 3.6. Let F : C — > B be a Galois covering. Then AutiF acts transitively 
on each fibre. 

Proof. First consider the categorical quotient P : C — > C/AutiF. There is a 
unique functor F' : C/AutiF — > B such that F'P = F, defined as follows: let a 
be an object of C/AutiF, that is, an orbit of Co under the action of AutiF. Choose 
an object x e a and define F'a = Fx. Clearly F' is well defined on objects. In 
order to define F' on morphisms, let a and /3 be objects in C/AutiF, and recall 
that 

, (C/AutiF)„ = [ /AutiF. 

\xea, yep J 

Next observe that the morphism 

F : yCx-^ F'(l3)BF'{a) 

verifies F{sip) = F{lp) for any e ©j;e„ yep y^^ ^""^ ^i^V * ^ AutiF. Finally the 
commutative triangle of morphisms between corresponding stars shows that F' is 
indeed a covering. 

Since F is a Galois covering, there exists a fibre where the action of AutiF is 
transitive, which means that the corresponding fibre of F' is a singleton. Since F 
is a Galois covering, C is connected as well as C/AutiF by Proposition 12.81 The 
preceding Lemma asserts that all the fibres of F' are singletons, which exactly 
means that the action of AutiF is transitive on each fibre of F. □ 

As a consequence we obtain the following description of Galois coverings. 

Theorem 3.7. Let F : C — > Bbe a Galois covering. Then there exists a unique isomor- 
phism of categories F' : C /Autii^ — > B such that F'P = F, where P : C — > C /AutiF 
is the Galois covering given by the categorical quotient. 

Proof. The proof of the preceding results provides the covering F' , which has a 
singleton fibre. Then all the fibres of F' are singletons and F' is an isomorphism. 

□ 

Example 3.8. An easy computation shows that the covering F2 in Example\T5\ 

verifies Auti(i^2) zs trivial. However each fibre has two objects, hence the action of the 
trivial group is not transitive on the fibres, consequently F2 is not Galois. Observe that Fq 
and Fi are Galois coverings. 

Next we recall a result of Patrick Le Meur concerning factorizations of Galois 
coverings. 
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Theorem 3.9. ifl6l [18? Let F : C — > B and G : V — > B be Galois coverings, and 
let (H, J) be a morphism from F to G. Then there is a unique epimorphism of groups 
A : AutiF ^ AutiG with A{f, 1) = (A(/), 1) verifying \{f)H = Hffor each (/, 1) e 
kutiF. Moreover kcrA = AvAiH and H is a Galois covering. 

Proof. First we assert that for each (/, 1) e AutiF there exists a unique element 
A(/, 1) G AutiG such that X{f)H = Hf. For this purpose, let cq be an object 
of C. Then GHfco JF/cq ^ JFcq = GHcq, hence Hfco and Hcq are in the 
same G-fibre. Then there exists a unique element in AutiG, which we denote 
(A(/),l), such that Hfca = \{f)HcQ. Moreover both functors {X{f)H,J) and 
{Hf, J) are morphisms from F to G which coincide on cq, hence they are equal. 
The uniqueness of A(/) and the equalities 



imply that A is a group morphism. Moreover A is an epimorphism. Let (g, 1) g 
AutiG. In order to find (/, 1) g AutiF such that gHco = Hfco, let c be an element 
in the H-hbre of gHco. A simple computation shows that c and cq are in the same 
i^-fibre. Since F is a Galois covering, there exists (/, 1) g AutiF such that /cq = c, 

and Hfco = He = gHcQ. 

Note that (/, 1) g kcrA if and only if Hf = H which means precisely that (/, 1) g 

AutiH. 

In order to prove that H is a Galois covering, let us first prove that H is surjec- 
tive on objects. Let y g and let x be an object in the JF-fibre of Gy. Clearly 
Hx and y are in the same G-fibre, hence there exists (g, 1) g AutiG such that 
y = gHx. Let (/, 1) G AutiF such that A(/) = g. We assert that Hfx = y. Indeed, 
Hf = \{f)H, hence Hfx = \{f)Hx = gHx = y. 

The functor H induces isomorphisms between stars since GH = JF, hence 
the same equality is valid at the stars level where F, J and G induce fc-isomorphisms 
We have proven that F is a covering. In order to obtain that H is Galois, let x and 
x' be in the same H-Wbre. They are also in the same F-fibre, hence there exists 
(/, 1) G AutiF such that fx = x' . We assert that in fact (/, 1) g AutiF: indeed, 
{Hf, J) and (iJ, J) are both morphisms from F to G with the same value on x, 
hence they are equal by Proposition 12.91 □ 

Remark 3.10. Two isomorphic k-linear categories have isomorphic categories of Galois 
coverings. 

Definition 3.11. A universal covering U -.U—^Bisan object in Ga\{B) such that for 
any Galois covering F : C ^ B, and for any uq G Uq, cq G Co with U{uo) ~ F(co), there 
exists a unique morphism {H, l)from U to F verifying H{uo) = cq. 

In case of existence, a universal covering is unique up to isomorphisms of 
Galois coverings. In general universal coverings do not exist, as the following 
Example shows. It has been obtained by Geiss and de la Peha in [13] : 

Example 3.12. Let k be afield and char{k) = 2. Consider the k-linear categories 



X{fif2)H = Hf,f2 = X{fi)Hf2 = X{fi)X{f2)H 



Ci : 
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a 7 

B : X ' y \ z 

with Ci satisfying all commutativity relations and B satisfying the relations 

7a = 5/3, 7/3 = Sa. 

It is clear that Ci is a Galois covering of B. Since char(/c) = 2, if we set a = a + /?, 6 = 
P,c^ ^ + S,d = S,we get that B satisfies the relations 

ca — 0, cb — da. 

In this case, 



y-i 



Z-l 



Co : 



Xo 



■yo 



do 



Xi 



yi 



Zl 



with all commutativity relations and c^ai-i = 0, is also a Galois covering ofB. Now Ci 
and C2 admit no proper Galois covering since they are simply connected, see if79l l2t, and 
there is no morphism between them. 

Now we will study the Kronecker category /C. Recall that this category is 
given by two objects s,t, one-dimensional morphism spaces sfCs and t/Ct while 
dinifc tfCs = 2 and s/Ct = 0. Observe that for each choice of a vector basis of t/Cs, 
the category K. is presented by the quiver 



s 

We start with a description of all Galois coverings of the category IC up to 
isomorphisms. 

Let {a, b} be a basis of t/Cs. Let C{a,b} be the free fc-category presented by the 
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quiver 




and let F{a,h} : C{a,b} -^ICbe given by 

• ^{a,(,}(Si:) = s, 

• F{a,b}i^^) = 

• FlaMi^-i) = 

Proposition 3.13. Let {a, b} be a fix chosen basis oftJCg- Then any Galois covering ofK- 
is isomorphic to ^1, if it has infinite Galois group, and to a quotient of it otherwise. 

Proof. It can be seen that any Galois covering of /C is isomorphic to F^^.d} oi" 3 
quotient of it, where {c, d} is a basis of t/Cs- Now - Fs^a,b} with an isomor- 
phism of type (1, J). □ 

Note that the Kronecker category has no universal covering since the Definition 
of a universal covering only takes into account morphisms of type (iJ, 1). 

4 Fundamental group 

As quoted in the Introduction, our main purpose is to provide an intrinsic definition 
of the fundamental group tti of a fc-category, where is a commutative ring. Pre- 
vious definitions, provided for instance by J. A. de la Peha and R. Martinez-Villa 
[19], see also K. Bongartz and P. Gabriel f4j, depend on the presentation of the 
category as a quotient of a free fc-category by an ideal generated by some set 
of minimal relations. Different presentations of the same fc-category may provide 
different groups through this construction, see for instance [TllSlPiTl. 

We will prove the following fact concerning the group tti that we will define: if 
the universal covering U exists, then the group AutiC/ is isomorphic to tti; in this 
case any group obtained through the presentation construction is a quotient of tti. 

Definition 4.1. Let B be a k-category, and let bo be a fixed object in Bo- Consider 
Gal(S, &o) ihe subcategory of Ga\B with the same objects and morphisms {H,J) veri- 
fying J{bo) = bo. Let <I> : Ga\{B, bo) — > Sets be the fibre functor which associates to each 
Galois covering F the F-fibre F^^{bo). We define 

TTi{B,bo) = Aut$. 
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Remark 4.2. This fundamental group 7Ti{B,bo) is the group of natural isomorphisms 
(T : $ ^ $. /n other words an element of the fundamental group is a family ofinvertible 
set maps ap ■ F~^{bQ) — > F~^{bo)for each Galois covering F, which are compatible with 
morphisms of Galois coverings; namely for each morphism {H, J) : F ^ G in Gz\{B, bo) 
the corresponding square 



F-Hbo) 



F-\bo) 



H 



H 



G-\bo) 



G~\bo) 



is commutative. 



In case the universal covering exists, our purpose is to prove that the funda- 
mental group is isomorphic to its automorphism group. 

Proposition 4.3. Let B be a connected k-category and let bo be an object. Assume there 
exists a universal covering U. Then 7ri(S, bo) acts freely and transitively on U~^{bo). 

Proof. Let a e 7:i{B, bo), we define the action by 

au = au{u). 

This is an action by the definition of composition of automorphisms of the fibre 
functor. 

Let us first prove that the action is free. Assume au = u. Let be a Galois 
covering and let c be an object in F"i(feo)- Consider the unique morphism {H, 1) 



from U \o F such that Hu = c. Using Remark|4]2]we obtain ctf(c) = c. 

In order to prove transitivity, let u and u' be objects in U^^{bo). We are going to 
define an automorphism o- of $ such that air{u) = u' . Let be a Galois covering 
and c some element in ^"^^(60), and let [H, 1) be the unique morphism such that 
Hu = c. We define 

ap{c) = H{u'). 

Using the uniqueness of the morphisms starting at the universal covering, one can 
prove that the family (ap) is indeed an automorphism of $. □ 



Proposition 4.4. The actions ofni {B, bo) and Auti (C/) onU ^ (bo) commute. 

Proof. This is an immediate consequence of Remark l4~2] □ 

1 .00,0.00,0.00 We recall that an antimorphism tp : G ^ G' is a map verifying 
f{9i92) = '4>{g2)v{gi) for any elements gi and .92 in G. Of, course an anti-morphism 
ip provides a unique usual group morphism ?/> given by i'{g) = ip{g^^). 

Lemma 4.5. Let G and G' be groups acting freely and transitively on a non empty set 
X. Assume the actions commute. Then each choice of an element in X determines an 
anti-isomorphism from G to G'. 

Proof. Choose an element x e X. Define p : G ^ G' by gx = Lp{g)x. This map 
is well defined and bijective. Moreover it is a group 0.98,0. 00, 0.OOanti-morphism 
precisely because the actions commute. □ 
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Theorem 4.6. Suppose that a connected k-category B admits a universal covering U. 
Then 

Corollary 4.7. Let Bbea connected k-category admitting a universal covering U and let 
bo and hi be two objects. Then 7ri(S, bo) and ni{B, bi) are isomorphic. 

Corollary 4.8. Let B be a k-category admitting a universal covering, and consider a 
presentation of B given by a quiver Q and an admissible two-sided ideal I provided with a 
minimal set of generators R given by parallel paths. Let ni{Q, R, bo) be the group of the 
presentation as defined in ilT9t , with respect to a vertex bo. Then there is a group surjection 

Proof. In [ill it is proven that the group niiQ, R, bo) can be realized as AutiF for 
a Galois covering F. Then the universal covering [/ of S provides an epimorphism 
from AutiJJ to 7ri((3,i?, 5o). □ 

For any group r, let S((r) be the full subcategory of the category of left r- 
sets whose objects are sets with a transitive left action of the group r such that 
the isotropy group of an element is invariant. Note that in this case the isotropy 
group of any element is invariant, since the action is transitive. Sr(r) denotes the 
analogous category, where objects are right r-sets. 

We will prove that the fibre functor $ is an equivalence when considered as 
a functor from Gali(B, 6o) to the category Y.i{-Ki{B,bo)), where Gali(i3, 6o) is the 
subcategory of Gal(;B, bo) with same objects and morphisms of type {H, 1). 

Proposition 4.9. Let Bbea k-category admitting a universal covering U -.U ^ B. Let 

S : Gali(6,5o) ^ S]^(Auti[/) 

be the functor given by S(F) = Homc3i^(B ;,g)(J7, F) and defined by composition on 
morphisms. Then S is an equivalence. 

Proof. First we assert that the action of Auti(;7) on ^oraQ^^^(g i,^^){U,F) is tran- 
sitive. Let X,X' G HoniGaijfg b,,)(C/, F), let to G Uo and let ti e Uo such that 
X{to) = X'{ti). Let g be the unique endomorphism of U such that ^(ti) = to, 
which exists since U is universal. Moreover, g belongs to AutiC/ with inverse given 
by the endomorphism g' sending ti to to, and Xg = X' since they coincide on ti. 
Observe that in general the action is not free since ti is not uniquely determined. 

Moreover this action has invariant isotropy group: let X g Homcai^^g F) 
and g e Auti?/ such that Xg = X. For any k e AntiU, using Theorem 13.91 we 
have 

Xhgh^^ = Xxih)Xgh-^ = Xx{h)Xh-^ = Xhh^^ = X. 

Next we prove that S is faithful. Let F and G be Galois coverings, and let 

H,H' G HomGaii(B,f,o)(-f''G') such that S{H) = S{H'), that is, HX = HX' for any 
X G HoniGai^fg bo)(C^i 3 non-empty set. Then H and H' coincide on some 
object, and hence they are equal. 

In order to prove that S is full, let / : HomQ^\,(B.bo){U,F) HomGaii(s,6o)(C^> G) 
be an AutifJ-morphism. We are looking for a morphism H e HomGaii(e,6o)(-^' ^) 
such that SiH) = /, that is, f{X) = HX for any X g HomGaii(K,6o)(C/, F). Given 
X let H be the unique morphism from F to G such that H{X{to))'^ f{X){to). it is 
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clear that f{X) = HX since they coincide on some object. For any other X', we 
know that there exists g e AutiL/ such that Xg = X'. Then 

fiX'Kto) = f{Xg)ito) = /(X).9(io) = fiX)igto) 

= HXigto) = HXg{to) = HX\to) 

and hence f{X') = HX'. 

Finally we prove that S is dense. Let E e ^^(Auti?/), / the isotropy group of 
any element in E. Let P M ^ U/I be the projection functor, and let F -. U/I B 
as constructed in the proof of Proposition 13.61 We define 

given by g ^ Pg. This map is well-defined and injective. In order to prove 
that it is surjective, let H e HomGaii(B,&o)(t^j -P")- Since AutiC/ acts transitively on 
HomGaii(B,bo)(t^i^)' there exists g e AutiJJ such that Pg = H. On the other hand, 
the map AutiC/// ^ E given by 5 ge is an isomorphism in I]r(Auti[/). □ 

Theorem 4.10. Let B be a k-category admitting a universal covering U -.U^B. Then 
the fibre functor $ is an equivalence when considered as a functor from Gali(6, 60) to the 
category J:i{7ri{B, bo)). 

Proof. From the previous Proposition, it is enough to see that $ and S are 
naturally isomorphic. 

Let to be a fixed element in U^^{bo) and let 7 : 7ri(B, 60) Auti(L/) be the 
anti-isomorphism defined by the equality auito) = 7(o')(io) (see Lemmal43). The 
functor 2(7) induced by 7 is a natural isomorphism from I]r(Auti[/) to I];(7ri(B, bo)) 

Given F e Gali(;B, &o) one must prove that i;(7)(HomGaii(B,6o)(t^7 -P")) is natu- 
rally isomorphic to F^^{bo) as left 7ri-sets. Let e be the map defined by e{X) = 
X{to) for X e HomGaii(e,6o)(^i -^)- Since U is universal, e is a bijection which is 
clearly natural. We assert that e commutes with the left action of ni{B,bo). Let 
cr G 7ri(S, 60), then 

eiaX) - e(X7(a)) = (Xjia)) (to) = X(7(c7)(to)) = Xauih). 

On the other hand 

ae{X) = aXito) = aF{Xito). 

Both elements are equal by means of Remark l431 □ 

5 First Hochschild cohomology and Galois groups 

in this section our main purpose is to provide a canonical embedding from the 
additive characters of the intrinsic tti that we have defined to the first Hochschild- 
Mitchell cohomology vector space of B. This will be achieved in case A; is a field 
and assuming that the endomorphism ring of each object of the category is re- 
duced to k, and that there exists a Galois covering whose group is isomorphic to 
the fundamental group (for instance if there exists a universal covering). 
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First we will provide an intrinsic and direct way of describing the injective mor- 
phism from the additive characters of the group of automorphisms of a Galois 
covering to the first Hochschild-Mitchell cohomology vector space of B. 

Assem and de la Peha have described this map in [1] when G is the funda- 
mental group of a triangular finite dimensional algebra presented by a quiver with 
relations. In [21] de la Peha and Saorin noticed that the triangular hypothesis is 
superfluous. This map has also been obtained in a spectral sequence context in 

m. 

in order to provide the canonical morphism, we first recall (see [15] HI) that a 
Galois covering of B provides a grading for each choice of objects in the fibres. 
As expected another choice of objects provides a conjugated grading. We will 
translate in this setting the connectivity hypothesis of the Galois covering. Finally 
the definition of Hochschild-Mitchell derivations as well as of the inner ones will 
provide the context for a natural definition of the required map. 

Definition 5.1. Let B be a k-category, where k is a ring. A G- grading Z of B by a 
group G is a decomposition of each k-module ofmorphisms as a direct sum of k-modules 
Zg indexed by G. For each couple of objects b and c we have cBb — (SseaZg (cBb) and 

Zt idBc) Z, {,Bb) C Zts idBb) , 

where elements of Zs (cBb) are called homogeneous morphisms of degree sfrom b to c. 

The following result is clear: 

Proposition 5.2. Let B be a k-category as above, equipped with a G-grading Z. Let 
{tb)b^Ba <^ family of elements of G associated to the objects of B. Define Yg (cBb) = 
Zt^su-^ (cBb)- Then Y is also a G-grading ofB. 

Theorem 5.3. © Let C Bbe a Galois covering of categories. Let {xb)beBo ^ choice 
of objects of C, where Xb belongs to the F -fibre of b for each b & Bq- Then there is an 
AMtiF -grading of B. Another choice of fibre objects provides a grading with the same 
homogeneous components as described in the preceding Proposition. 

Proof. Since F is a covering, each morphism space of B is equipped with a direct 
sum decomposition ®y^F-^cF iyCxJ- Moreover since F is Galois, for each y in the 
F-fibre of c there exists a unique automorphism s such that y = sxc- This element 
s will provide the degree of the direct summand, more precisely 

Zs{cBb)^F{s,^a,J. 

It is straightforward to verify that this is indeed an AutiF-grading . Moreover, 
a different choice of objects in the fibres {tbXb)b^B„ where {tb)beBa ^ farnily of 
elements of AutiF provides another grading , which is precisely the grading de- 
scribed in the proposition above. □ 

Remark 5.4. In the converse is obtained: in case B is G-graded where G is an ar- 
bitrary group, the smash product category construction provides a Galois covering with 
automorphism group G. As expected, one recovers the original grading as the one induced 
by the smash Galois covering as defined in ©. 
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Definition 5.5. A homogeneous walk w in a G-graded k-category from an object b 
to an object c is a sequence of non zero homogeneous paths. It consists of a sequence of 
objects xi = b, . . . , Xi . . . , Xn = c, a sequence of signs ei, . . . , e„ zvhere e.; e {—1, +1}, 
and non-zero homogeneous morphisms tpi, . . . ,tpn such that if a = 1 then tpi G xi+i^xi 
while if ti = —1 then ipi £ xi^xi+i- The degree ofw is the following ordered product of 
elements ofG: 

degw = (deg(^„)'" • • • {degipi)"' ■ ■ ■ {degfiY^ 

Remark 5.6. Note that a homogeneous non zero endomorphism involved in a homoge- 
neous walk at position i appears with its degree, or the inverse of its degree, according to 
the value ofsi. 

Definition 5.7. Let B be a G-graded k-category. The grading is called connected if for 

any couple of objects b and cofB and for any element s £ G, there exists a homogeneous 
walk from bto c of degree s. 

Theorem 5.8. Let F : C ^ B be a Galois covering. Then the induced grading on B is 
connected. 

Proof. Let {xb) be a choice of an object in eacin -F-fibre, providing a grading of B. 
Note tinat a morplnism ip'mC from sxb to txc has Inomogeneous image of degree 
s^H, since Ftp = Fs^^ip. TInis observation sinows tinat a walk in C from x^ to some 
sxd projects to a Inomogeneous walk from 6 to d of degree s. Since C is connected, 
the theorem is proved. □ 

Let us briefly recall the definition of Hochschild-Mitchell cohomology in degree 
one (see for instance [20]). This cohomology coincides with usual Hochschild 
cohomology of algebras in case the fc-category has a finite number of objects. 

Definition 5.9. Let Bbea k-category. A derivation ofB is a collection D ~ {cDb)c beT>o 
ofk-linear endomorphisms of each k-module of morphisms cBb, such that D{gf) = gD{f)+ 
D(g)f. More precisely if age and cfb morphisms ofB, then 

dDb{gf)^gcDb{.f) + dDb{g)f. 

An inner derivation Da associated to a collection a of endomorphisms at each object 
{c^b)a(^Bo '® obtained in the usual way, namely 

Da {cfb) = ad - fab- 

The first Hochschild cohomology k-module H^{B,B) is the quotient of the k-module 
of derivations by the inner ones. 

Theorem 5.10. Let k be afield and let Bbea k-category such that the endomorphism ring 
of each object is reduced to k. Let F : C ^ B be a Galois covering. Then there exists a 
canonical injective morphism 

A : Hom(AutiF,A:+) — > H\B,B). 

Proof. Let x ■ AutiF fc+ be an abelian character of AutiF. In order to define 
Ax as a fc-endomorphism of each fc-module of morphisms of B, we define A^^ on 
the homogeneous components of a grading induced by the covering F. Let / be 
a morphism of degree s. By definition Ax(/) = x{s)f- 
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A standard computation shows that Ax is indeed a derivation, which corre- 
sponds to the well known construction of Euler derivations, see also [SlITo]. More- 
over if the grading is changed through a different choice of objects in the fibres 
according to Theorem 15.31 the derivation Ax is modified by an inner derivation, 
hence the morphism A is canonic. 

Assume Ax is an inner derivation. Let / be a non zero homogeneous mor- 
phism of degree s, then x(s)/ = "c/ - /"b = (ac - ctb) f since ab e k for 
each object b. Since k is a field and / is a non zero element of a vector space, 
x(s) = Q!c - ctb. Moreover if w is a homogeneous walk of degree s from b to c, we 
also have x(s) = ac - by an easy computation. Finally since F is Galois, we 
know by Theorem |5^ that for each automorphism s there exists a homogeneous 
walk from an object b to itself of degree s. Consequently x(s) = for every s and 
A is injective. □ 

We have already observed that the Kronecker category IC does not admit a 
universal covering, nevertheless there exist Galois coverings of /C such that their 
group of automorphisms are isomorphic to the fundamental group. This observa- 
tion provides interest to the following result. 

Corollary 5.11. Let k be afield and let Bbea k-category verifying that the endomorphism 
ring of each object is reduced to k. Assume that B admits a Galois covering whose group 
is isomorphic to tti (for instance if B admits a universal covering). Then there exists a 
canonical injective morphism 

A : Rom{Tri{B,bo),k+) — > H\B,B). 

Observe that dimH^{lC, IC) = 3, then in general the above morphism is not an 
isomorphism. 
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